Abstract. The notion of the Cousin complex of a module was given by Sharp in 1969. It wasn't known whether its cohomologies are finitely generated until recently. In 2001, Dibaei and Tousi showed that the Cousin cohomologies of a finitely generated A-module M are finitely generated if the base ring A is local, has a dualizing complex, M satisfies Serre's (S 2 )-condition and is equidimensional. In the present article, the author improves their result. He shows that the Cousin cohomologies of M are finitely generated if A is universally catenary, all the formal fibers of all the localizations of A are Cohen-Macaulay, the Cohen-Macaulay locus of each finitely generated A-algebra is open and all the localizations of M are equidimensional. As a consequence of this, he gives a necessary and sufficient condition for a Noetherian ring to have an arithmetic Macaulayfication.
Introduction
Let A be a Noetherian ring. The notion of Cousin complex of an A-module was introduced by Sharp [22] as an analogue of Hartshorne [11] . Sharp used the vanishing of its cohomologies for investigating the Cohen-Macaulay property and Serre's (S n )-condition on modules [21] . The aim of the present article is to study non-zero Cousin cohomologies. The main theorem of this article is the following.
Theorem 1.1. Let A be a Noetherian ring and M a finitely generated A-module.

Then all the cohomology modules of the Cousin complex of M are finitely generated and only finitely many of them are non-zero if (C1) A is universally catenary; (C2) all the formal fibers of all the localizations of A are Cohen-Macaulay; (C3) the Cohen-Macaulay locus of each finitely generated A-algebra is open;
(QU) dim M p = ht p/q + dim M q for any pair of prime ideals p ⊃ q in the support of M .
As consequences of Theorem 1.1, we obtain two applications.
Theorem 1.2. Let A be a Noetherian ring of positive dimension. Then the following statements are equivalent: (1) A has an arithmetic Macaulayfication; that is, there is an ideal b of positive height such that the Rees algebra of b is Cohen-Macaulay.
The notion of a d-sequence was given by Huneke [12] and that of an unconditioned strong d-sequence was given by Goto and Yamagishi [9] .
An unconditioned strong d-sequence has many good properties, but its definition is so strong that we cannot use it for our purpose. We want to give a weaker notion than that of an unconditioned strong d-sequence.
Note that a sequence x 1 , . . . , 
The opposite inclusion is obvious.
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The next proposition is a part of [9, Theorem 3.9] . Let x = x 1 , . . . , x d be a sequence in A. The local cohomology modules of M with respect to x are the direct limits of Koszul cohomology modules; that is,
is equal to the local cohomology module of M with respect to the ideal ( 
On the other hand, we also have an exact sequence
(M ) = 0 because of the inductive assumption and Remark (2) in [12, p. 252 
Since, in particular,
The existence of p-standard sequences
In this section, we demonstrate the ubiquity of p-standard sequences. Assume that A is a Noetherian local ring with maximal ideal m and M a finitely generated A-module of dimension d > 0.
For a finitely generated A-module N , the ideal a(N ) is defined to be 
and • the difference
is finitely generated for p < d. See [20] or [25] . N. T. Cuong considered the difference (3.1.1). He showed [2] that (3.1.1) is a polynomial in n 1 , . . . , n d if and only if x 1 , . . . , x d is an unconditioned p-sequence on M . Next he studied the existence of such a system of parameters. He showed [3, p. 482 ] that there is a p-standard system of parameters for M if A has a dualizing complex and that a p-standard system of parameters is an unconditioned p-sequence. We want to show that a p-standard system of parameters is not only an unconditioned p-sequence but also a p-standard sequence. 
If j > s, then both sides of (3.3.1) are equal to
Assume that i ≤ j ≤ s and let p be the number of elements in {λ ∈ Λ | λ > j, n λ > 1}. We work by induction on p.
If p = 0, then we work by descending induction on the number q of elements in 
because of the inductive assumption. Therefore
Indeed, both sides are equal to
Therefore, the proof is completed if p = 0. Assume that p > 0 and make the obvious inductive assumption. We divide (3.3.1) into two parts:
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Thus we obtain (3. 3.2) .
In the same way as above, we have
By using the inductive assumption again, we obtain (3.3.3).
The converse holds in a sense.
Proof. We work by induction on
Assume that d > 1 and make the obvious inductive assumption. Since each pstandard sequence is a strong d-sequence, it follows from the proof of Proposition 2.
The assumptions of Theorem 1.1 assure us of the existence of a p-standard system of parameters.
Theorem 3.5 ([15, Theorem 2.5]). Assume that A satisfies (C1), (C2) and that M satisfies (QU).
Then there is a p-standard system of parameters for M .
The highest local cohomology
Let A be a commutative ring, M an A-module and
In this section, we consider the highest local cohomology module
First we prove the following proposition. It is the dual of a well-known result (see the proof of [7, Lemma 2.4] ), but our situation is general. For the sake of completeness, we give a brief proof.
Proposition 4.1. The zeroth Koszul homology
We consider the following three conditions:
Then (1) implies (2) and (2) implies (3). If A is a Noetherian ring with Jacobson radical m, M a finitely generated A-module and
Proof. (1)⇒(2): We show that
H k x p−1 ,...,x l−2 H d−l+2 x l−1 ,...,x d (M ) = 0 for k < l − p by descending induction on p. If p = l − 1,
then this claim follows from (1).
Assume that p < l − 1 and that the claim is true for larger values of p. There is an exact sequence
(M ) = 0 in view of the exact sequence above. Furthermore the same exact sequence also yields that
(M ) with respect to x 1 , . . . , x l−2 , that is, the direct limit of Koszul complexes
and (2) tells us that
shows that H i (x; C 0 ) = 0 for i = 0, 1. By splitting (4.2.1) into short exact sequences and taking long exact sequences of Koszul cohomologies, we obtain H i (x; E) = 0 for i < l.
(3)⇒(1): Assume that A is Noetherian, M is finitely generated and
As in the proof of Proposition 2.4, we find that
That is, the image of
is zero. Therefore the natural homomorphism
We work by induction on p. Assume that 2 ≤ p < l and
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There is an exact sequence
where we used the isomorphism H
by using Proposition 4.1 and the spectral sequence
On the other hand,
We know that H
(M ) is finitely generated. Therefore it follows from Nakayama's lemma that H
It then follows from the exact sequence above that
Cousin complexes
In this section we recall the result of Dibaei and Tousi. Let A be a Noetherian ring and M a finitely generated A-module. For a prime ideal p ∈ Supp M , the M -height of p is defined to be ht
Assume that A has a fundamental dualizing complex D 
The natural quasi-isomorphism
be the composition of the natural epimorphism 
is exact and hence
The following theorem is a slight refinement of Theorem 3. 
A ) is the inclusion. In particular, all the cohomology modules of M
• are finitely generated.
Proof. It follows from the assumptions that ht
We apply Proposition 2.1 of [4] to the complex (5. 4 
.1). Let
See the proof of Theorem 1.4 of [5] .
It follows from Lemma 5.3 that
and
Since the canonical module K M satisfies (S 2 ), we have
for all l > 0. See the proof of Theorem 1.
• satisfies the assumptions of Proposition 2.1 of [4].
Theorem 5.5. Let A be a Noetherian local ring satisfying (C1), (C2) and M a finitely generated A-module satisfying (QU). Then all the cohomology modules of the Cousin complex M
• of M are finitely generated.
Proof. The completionÂ has a dualizing complex with codimension function t(p)
Furthermore, since A is universally catenary, A/p is quasi-unmixed for any p ∈ Spec A [18] . Therefore the completionM also satisfies (QU).
By applying Theorem 5.4 to a finitely generatedÂ-moduleM , we find that
is a finitely generatedÂ-module for each p. It follows from Theorem 3.5 of [17] 
is finitely generated. 6 . The proof of Theorem 1.1
We start the proof of Theorem 1.1. Let A be a Noetherian ring, M a finitely generated A-module and M
• the Cousin complex of M . We need the following lemma to prove Theorem 1.1. We also use this to prove Theorem 1.2.
If x 1 , . . . , x n are in the Jacobson radical of A, then
The proof is quite similar to that of Lemma 3.2. 
. , x n are in the Jacobson radical, then it follows from Krull's intersection theorem that 
From now on, we assume that A satisfies (C1)-(C3) and that M satisfies (QU
Proof. Since the construction of Cousin complexes commutes with localization, we may assume that A is a local ring and p the maximal ideal of A. It is known that
which is a contradiction.
We prove the following proposition by induction on l.
Proposition 6.3. If l ≥ −1, then
is finitely generated whenever p ≤ l. 
Then N also satisfies (QU). Because of the construction of the Cousin complex,
is finitely generated and hence E 0l ∞ is also. On the other hand, it follows from (B l−1 ) that E pq 2 is finitely generated if q < l. By descending induction on r, we find that E 0l r is finitely generated for r ≥ 2. In particular, E
is locally finitely generated, there is an integer m such that
Since b m is also a defining ideal of Z l (M ), we obtain that
is finitely generated.
We already know that (A 0 ) and (B −1 ) hold. Therefore (B 0 ) holds. 
such that ht M yA = 1 and
Passing to the localization, we may assume that A is a local ring and p the maximal ideal of A. Since A is local,
Then there is a p-standard system of parameters
By Lemma 6.1, we have
Furthermore, by (6.3.1), we obtain
Therefore, we obtain two exact sequences:
for any m, n > 0. By taking the direct limit, we have the exact sequences
for any n > 0, where
(L/yL) = 0 for k < t + 1, because (6.3.2) induces an exact sequence
(Q) = 0, which is a contradiction. Thus
By induction on n, we obtain
whenever n ≥ 2. By taking the direct limit, we have
Thus we obtain that
It follows from (A l ), applied to M/y 2 M and the above, that
The proof of Claim 2 is completed.
We have almost finished the proof of Theorem 1.1. Indeed, by (A l ) of Proposition 6.3, we find that all the Cousin cohomologies are finitely generated. Furthermore, by (B l ) of the same proposition, we obtain
Since Spec A is quasi-compact and 
Proof. Since only finitely many Cousin cohomologies of
is the non-Cohen-Macaulay locus of M .
Lemmas for Theorem 1.2
We prove three lemmas for Theorem 1.2 in this section. They are variants of Theorem 3.6, Corollaries 3.7 and 3.8 of [15] , respectively.
(C j ) If j < d and n 2 > 0, then (B 1 ): We work by induction on l. Let a be an element of the left hand side of (7.1.2). If l = 2, then we put
Next we assume that l > 2, make the obvious inductive assumption and put
The opposite inclusion is obvious. (C 1 ): By using (B 1 ) repeatedly, we have
(D 1 ): If n 2 = 1, then both sides of (7.1.4) coincide with x 2 M . We assume that
Here we used (B 1 ) and (A 1 ) again. The opposite inclusion is obvious.
(
We want to prove Theorems 1.2-1.4 in this section. Let A be a Noetherian ring and b an ideal in A. The Rees algebra of b is the graded ring
where T is an indeterminate. We construct a Cohen-Macaulay Rees algebra.
First we consider the local case. Assume that A is a Noetherian local ring and let M be a finitely generated A-module of dimension d > 0. We put a (M ) = 
Proof. Replace "a" and "Lemma 3.2" in the proof of Theorem 3.3 by "a " and "Lemma 6.1", respectively. 
Here we used Lemma 7. 3 
Therefore a ∈ (x 1 , . . . , x i ) .
Thus the sequence x t , . . . , ) is Cohen-Macaulay.
Next we consider the non-local case. If dim A = 1, then A is Cohen-Macaulay because it has no embedded primes. There is a non-zero divisor a which is not a unit. Then the Rees algebra R(aA) is isomorphic to a polynomial ring over a Cohen-Macaulay ring A and hence is Cohen-Macaulay.
Assume that dim A ≥ 2, including the case that dim A = ∞. We want to choose integers q ≥ p ≥ 2 and elements x 1 , . . . , x q in A such that (x 1 , . . . , x k ) Let p, q be prime ideals in A such that p ⊂ q. In the same way as above, we find that A q is unmixed and hence ht pA q + ht q/p = ht qA q . The proof of Theorem 1. 
